
Multivariate Analysis Techniques

GROWTH OF MULTIVARIATE TECHNIQUES

Of late, multivariate techniques have emerged as a powerful tool to analyze data 

represented in terms of many variables. The main reason being that a series of 

univariate analysis carried out separately for each variable may, at times, lead to 

incorrect interpretation of the result. This is so because univariate analysis does not 

consider the correlation or inter-dependence among the variables. As a result, during 

the last fifty years, a number of statisticians have contributed to the development of 

several multivariate techniques. Today, these techniques are being applied in many 

fields such as economics, sociology, psychology, agriculture, anthropology, biology 

and medicine. These techniques are used in analyzing social, psychological, medical 

and economic data, especially when the variables concerning research studies of these 

fields are supposed to be correlated with each other and when rigorous probabilistic 

models cannot be appropriately used. Applications of multivariate techniques in 

practice have been accelerated in modern times because of the advent of high speed 

electronic computers.

CLASSIFICATION OF MULTIVARIATE TECHNIQUES

Today, there exist a great variety of multivariate techniques which can be 
conveniently classified into two broad categories viz., dependence methods and 
interdependence methods. This sort of classification depends upon the question: Are 
some of the involved variables dependent upon others? If the answer is ‘yes’, we have 
dependence methods; but in case the answer is ‘no’, we have interdependence 
methods. Two more questions are relevant for understanding the nature of 
multivariate techniques. Firstly, in case some variables are dependent, the question is 
how many variables are dependent? The other question is, whether the data are metric 
or non-metric? This means whether the data are quantitative, collected on interval or 
ratio scale, or whether the data are qualitative, collected on nominal or ordinal scale. 
The technique to be used for a given situation depends upon the answers to all these 



very questions. Jadish N. Sheth in his article on “The multivariate revolution in 
marketing research” has given the flow chart that clearly exhibits the nature of some 
important multivariate techniques as shown in Fig. below.
Thus, we have two types of multivariate techniques: one type for data containing both 
dependent and independent variables, and the other type for data containing several 
variables without dependency relationship. In the former category are included 
techniques like multiple regression analysis, multiple discriminant analysis, 
multivariate analysis of variance and canonical analysis, whereas in the latter category 
we put techniques like factor analysis, cluster analysis, multidimensional scaling or 
MDS (both metric and non-metric) and the latent structure analysis.



IMPORTANT METHODS OF FACTOR ANALYSIS

There are several methods of factor analysis, but they do not necessarily give same 
results. As such factor analysis is not a single unique method but a set of techniques. 
Important methods of factor analysis are:

1. the centroid method;

2. the principal components method;

3. the maximum likelihood method.



Before we describe these different methods of factor analysis, it seems appropriate 
that some basic terms relating to factor analysis be well understood.

1. Factor: A factor is an underlying dimension that account for several observed 
variables. There can be one or more factors, depending upon the nature of the 
study and the number of variables involved in it.

2. Factor-loadings: Factor-loadings are those values which explain how closely 
the variables are related to each one of the factors discovered. They are also 
known as factor-variable correlations. In fact, factor-loadings work as key to 
understanding what the factors mean. It is the absolute size (rather than the 
signs, plus or minus) of the loadings that is important in the interpretation of a 
factor.

3. Communality (h2): Communality, symbolized as h2, shows how much of each 
variable is accounted for by the underlying factor taken together. A high value 
of communality means that not much of the variable is left over after whatever 
the factors represent is taken into consideration. It is worked out in respect of 
each variable as under: h2 of the ith variable = (ith factor loading of factor A)2
+ (ith factor loading of factor B)2 + …

4. Eigen value (or latent root): When we take the sum of squared values of factor 
loadings relating to a factor, then such sum is referred to as Eigen Value or 
latent root. Eigen value indicates the relative importance of each factor in 
accounting for the particular set of variables being analyzed.

5. Total sum of squares: When eigen values of all factors are totalled, the resulting 
value is termed as the total sum of squares. This value, when divided by the 
number of variables (involved in a study), results in an index that shows how 
the particular solution accounts for what all the variables taken together 
represent. If the variables are all very different from each other, this index will 
be low. If they fall into one or more highly redundant groups, and if the 
extracted factors account for all the groups, the index will then approach unity.

6. Rotation: Rotation, in the context of factor analysis, is something like staining a 
microscope slide. Just as different stains on it reveal different structures in the 
tissue, different rotations reveal different structures in the data. Though 
different rotations give results that appear to be entirely different, but from a 
statistical point of view, all results are taken as equal, none superior or inferior 



to others. However, from the standpoint of making sense of the results of factor 
analysis, one must select the right rotation. If the factors are independent 
orthogonal rotation is done and if the factors are correlated, an oblique rotation 
is made. Communality for each variables will remain undisturbed regardless of 
rotation but the eigen values will change as result of rotation.

7. Factor scores: Factor score represents the degree to which each respondent gets 
high scores on the group of items that load high on each factor. Factor scores 
can help explain what the factors mean. With such scores, several other 
multivariate analyses can be performed. We can now take up the important 
methods of factor analysis.

Centroid Method of Factor Analysis

This method of factor analysis, developed by L.L. Thurstone, was quite frequently 
used until about 1950 before the advent of large capacity high speed computers.* The 
centroid method tends to maximize the sum of loadings, disregarding signs; it is the 
method which extracts the largest sum of absolute loadings for each factor in turn. It is 
defined by linear combinations in which all weights are either + 1.0 or – 1.0. The 
main merit of this method is that it is relatively simple, can be easily understood and 
involves simpler computations. If one understands this method, it becomes easy to 
understand the mechanics involved in other methods of factor analysis. Various steps 
involved in this method are as follows:

1. This method starts with the computation of a matrix of correlations, R, wherein 
unities are place in the diagonal spaces. The product moment formula is used 
for working out the correlation coefficients.

2. If the correlation matrix so obtained happens to be positive manifold (i.e., 
disregarding the diagonal elements each variable has a large sum of positive 
correlations than of negative correlations), the centroid method requires that the 
weights for all variables be +1.0. In other words, the variables are not weighted; 
they are simply summed. But in case the correlation matrix is not a positive 
manifold, then reflections must be made before the first centroid factor is 
obtained.

3. The first centroid factor is determined as under:



o The sum of the coefficients (including the diagonal unity) in each 
column of the correlation matrix is worked out.

o Then the sum of these column sums (T) is obtained.

o The sum of each column obtained as per (a) above is divided by the 
square root of T obtained in (b) above, resulting in what are called 
centroid loadings. This way each centroid loading (one loading for one 
variable) is computed. The full set of loadings so obtained constitute the 
first centroid factor (say A).

4. To obtain second centroid factor (say B), one must first obtain a matrix of 
residual coefficients. For this purpose, the loadings for the two variables on the 
first centroid factor are multiplied. This is done for all possible pairs of 
variables (in each diagonal space is the square of the particular factor loading). 
The resulting matrix of factor cross products may be named as Q1. Then Q1 is 
subtracted clement by element from the original matrix of correlation, R, and 
the result is the first matrix of residual coefficients, R1.* After obtaining R1, 
one must reflect some of the variables in it, meaning thereby that some of the 
variables are given negative signs in the sum [This is usually done by 
inspection. The aim in doing this should be to obtain a reflected matrix, R'1, 
which will have the highest possible sum of coefficients (T)]. For any variable 
which is so reflected, the signs of all coefficients in that column and row of the
residual matrix are changed. When this is done, the matrix is named as 
‘reflected matrix’ form which the loadings are obtained in the usual way 
(already explained in the context of first centroid factor), but the loadings of the 
variables which were reflected must be given negative signs. The full set of 
loadings so obtained constitutes the second centroid factor (say B). Thus 
loadings on the second centroid factor are obtained from R'1.

5. For subsequent factors (C, D, etc.) the same process outlined above is repeated. 
After the second centroid factor is obtained, cross products are computed 
forming, matrix, Q2. This is then subtracted from R1 (and not from R'1) 
resulting in R2. To obtain a third factor (C), one should operate on R2 in the 
same way as on R1. First, some of the variables would have to be reflected to 
maximize the sum of loadings, which would produce R'2. Loadings would be 
computed from R'2 as they were from R'1. Again, it would be necessary to give 



negative signs to the loadings of variables which were reflected which would 
result in third centroid factor (C).

Principal-components Method of Factor Analysis

Principal-components method (or simply P.C. method) of factor analysis, developed 
by H. Hotelling, seeks to maximize the sum of squared loadings of each factor 
extracted in turn. Accordingly PC factor explains more variance than would the 
loadings obtained from any other method of factoring. The aim of the principal 
components method is the construction out of a given set of variables Xj’s (j = 1, 2, 
…, k) of new variables (pi), called principal components which are linear 
combinations of the Xs

The method is being applied mostly by using standardized variables, i.e.,

The aij’s are called loadings and are worked out in such a way that the extracted 
principal components satisfy two conditions: (i) principal components are 
uncorrelated (orthogonal) and (ii) the first principal component (p1) has the maximum 
variance, the second principal component (p2) has the next maximum variance and so 
on.

Following steps are usually involved in principal components method

1. Estimates of aij’s are obtained with which X’s are transformed into orthogonal 
variables i.e., the principal components. A decision is also taken with regard to 
the question: how many of the components to retain into the analysis?

2. We then proceed with the regression of Y on these principal components i.e.,

3. From the $ aij and $yij , we may find bij of the original model, transferring 
back from the p’s into the standardized X’s.



Alternative method for finding the factor loadings is as under:

1. Correlation coefficients (by the product moment method) between the pairs of 
k variables are worked out and may be arranged in the form of a correlation 
matrix, R, as under:
The main diagonal spaces include unities since such elements are self-
correlations. The correlation matrix happens to be a symmetrical matrix.

2. Presuming the correlation matrix to be positive manifold (if this is not so, then 
reflections as mentioned in case of centroid method must be made), the first 
step is to obtain the sum of coefficients in each column, including the diagonal 
element. The vector of column sums is referred to as Ua1 and when Ua1 is 
normalized, we call it Va1. This is done by squaring and summing the column 
sums in Ua1 and then dividing each element in Ua1 by the square root of the 
sum of squares (which may be termed as normalizing factor). Then elements in 
Va1 are accumulatively multiplied by the first row of R to obtain the first 
element in a new vector Ua2. For instance, in multiplying Va1 by the first row 
of R, the first element in Va1 would be multiplied by the r11 value and this 
would be added to the product of the second element in Va1 multiplied by the 
r12 value, which would be added to the product of third element in Va1 
multiplied by the r13 value, and so on for all the corresponding elements in 
Va1 and the first row of R. To obtain the second element of Ua2, the same 
process would be repeated i.e., the elements in Va1 are accumulatively 
multiplied by the 2nd row of R. The same process would be repeated for each 
row of R and the result would be a new vector Ua2. Then Ua2 would be 
normalized to obtain Va2. One would then compare Va1 and Va2. If they are 
nearly identical, then convergence is said to have occurred (If convergence 
does not occur, one should go on using these trial vectors again and again till 
convergence occurs). Suppose the convergence occurs when we work out Va8 
in which case Va7 will be taken as Va (the characteristic vector) which can be 
converted into loadings on the first principal component when we multiply the 
said vector (i.e., each element of Va) by the square root of the number we 
obtain for normalizing Ua8.

3. To obtain factor B, one seeks solutions for Vb, and the actual factor loadings 
for second component factor, B. The same procedures are used as we had 



adopted for finding the first factor, except that one operates off the first residual 
matrix, R1 rather than the original correlation matrix R (We operate on R1 in 
just the same way as we did in case of centroid method stated earlier).

4. This very procedure is repeated over and over again to obtain the successive PC 
factors Other steps involved in factor analysis

o Next the question is: How many principal components to retain in a 
particular study? Various criteria for this purpose have been suggested, 
but one often used is Kaiser’s criterion. According to this criterion only 
the principal components, having latent root greater than one, are 
considered as essential and should be retained.

o The principal components so extracted and retained are then rotated from 
their beginning position to enhance the interpretability of the factors.

o Communality, symbolized, h2, is then worked out which shows how 
much of each variable is accounted for by the underlying factors taken 
together. A high communality figure means that not much of the variable 
is left over after whatever the factors represent is taken into 
consideration. It is worked out in respect of each variable as under:
h2 of the ith variable = (ith factor loading of factor A)2
+ (ith factor loading of factor B)2 + …
Then follows the task of interpretation. The amount of variance 
explained (sum of squared loadings) by each PC factor is equal to the 
corresponding characteristic root. When these roots are divided by the 
number of variables, they show the characteristic roots as proportions of 
total variance explained.

o The variables are then regressed against each factor loading and the
resulting regression coefficients are used to generate what are known as 
factor scores which are then used in further analysis and can also be used 
as inputs in several other multivariate analyses.

Maximum Likelihood (ML) Method of Factor Analysis

The ML method consists in obtaining sets of factor loadings successively in such a 
way that each, in turn, explains as much as possible of the population correlation 
matrix as estimated from the sample correlation matrix. If Rs stands for the correlation 



matrix actually obtained from the data in a sample, Rp stands for the correlation 
matrix that would be obtained if the entire population were tested, then the ML 
method seeks to extrapolate what is known from Rs in the best possible way to 
estimate Rp (but the PC method only maximizes the variance explained in Rs). Thus, 
the ML method is a statistical approach in which one maximizes some relationship 
between the sample of data and the population from which the sample was drawn.
The arithmetic underlying the ML method is relatively difficult in comparison to that 
involved in the PC method and as such is understandable when one has adequate 
grounding in calculus, higher algebra and matrix algebra in particular. Iterative 
approach is employed in ML method also to find each factor, but the iterative 
procedures have proved much more difficult than what we find in the case of PC 
method. Hence the ML method is generally not used for factor analysis in practice.
The loadings obtained on the first factor are employed in the usual way to obtain a 
matrix of the residual coefficients. A significance test is then applied to indicate 
whether it would be reasonable to extract a second factor. This goes on repeatedly in 
search of one factor after another. One stops factoring after the significance test fails 
to reject the null hypothesis for the residual matrix. The final product is a matrix of 
factor loadings. The ML factor loadings can be interpreted in a similar fashion as we 
have explained in case of the centroid or the PC method.

R-TYPE AND Q-TYPE FACTOR ANALYSES

Factor analysis may be R-type factor analysis or it may be Q-type factor analysis. In 
R-type factor analysis, high correlations occur when respondents who score high on 
variable 1 also score high on variable 2 and respondents who score low on variable 1 
also score low on variable 2. Factors emerge when there are high correlations within 
groups of variables. In Q-type factor analysis, the correlations are computed between 
pairs of respondents instead of pairs of variables. High correlations occur when 
respondent 1’s pattern of responses on all the variables is much like respondent 2’s 
pattern of responses. Factors emerge when there are high correlations within groups of 
people. Q-type analysis is useful when the object is to sort out people into groups 
based on their simultaneous responses to all the variables.
Factor analysis has been mainly used in developing psychological tests (such as IQ 
tests, personality tests, and the like) in the realm of psychology. In marketing, this 
technique has been used to look at media readership profiles of people.

Merits: The main merits of factor analysis can be stated thus:



1. The technique of factor analysis is quite useful when we want to condense and 
simplify the multivariate data.

2. The technique is helpful in pointing out important and interesting, relationships 
among observed data that were there all the time, but not easy to see from the 
data alone.

3. The technique can reveal the latent factors (i.e., underlying factors not directly 
observed) that determine relationships among several variables concerning a 
research study. For example, if people are asked to rate different cold drinks 
(say, Limca, Nova-cola, Gold Spot and so on) according to preference, a factor 
analysis may reveal some salient characteristics of cold drinks that underlie the 
relative preferences.

4. The technique may be used in the context of empirical clustering of products, 
media or people i.e., for providing a classification scheme when data scored on 
various rating scales have to be grouped together.

Limitations: One should also be aware of several limitations of factor analysis. 
Important ones are as follows:

1. Factor analysis, like all multivariate techniques, involves laborious 
computations involving heavy cost burden. With computer facility available 
these days, there is no doubt that factor analysis has become relatively faster 
and easier, but the cost factor continues to be the same i.e., large factor analyses 
are still bound to be quite expensive.

2. The results of a single factor analysis are considered generally less reliable and 
dependable for very often a factor analysis starts with a set of imperfect data. 
“The factors are nothing but blurred averages, difficult to be identified.” To 
overcome this difficulty, it has been realized that analysis should at least be 
done twice. If we get more or less similar results from all rounds of analyses, 
our confidence concerning such results increases.

3. Factor-analysis is a complicated decision tool that can be used only when one 
has thorough knowledge and enough experience of handling this tool. Even 
then, at times it may not work well and may even disappoint the user.



To conclude, we can state that in spite of all the said limitations “when it works well, 
factor analysis helps the investigator make sense of large bodies of intertwined data. 
When it works unusually well, it also points out some interesting relationships that 
might not have been obvious from examination of the input data alone”.

Cluster Analysis

Cluster analysis consists of methods of classifying variables into clusters. Technically, 
a cluster consists of variables that correlate highly with one another and have 
comparatively low correlations with variables in other clusters. The basic objective of 
cluster analysis is to determine how many mutually and exhaustive groups or clusters, 
based on the similarities of profiles among entities, really exist in the population and 
then to state the composition of such groups. Various groups to be determined in 
cluster analysis are not predefined as happens to be the case in discriminated analysis.

Steps: In general, cluster analysis contains the following steps to be performed:

1. First of all, if some variables have a negative sum of correlations in the 
correlation matrix, one must reflect variables so as to obtain a maximum sum of 
positive correlations for the matrix as a whole.

2. The second step consists in finding out the highest correlation in the correlation 
matrix and the two variables involved (i.e., having the highest correlation in the 
matrix) form the nucleus of the first cluster.

3. Then one looks for those variables that correlate highly with the said two 
variables and includes them in the cluster. This is how the first cluster is 
formed.

4. To obtain the nucleus of the second cluster, we find two variables that correlate 
highly but have low correlations with members of the first cluster. Variables 
that correlate highly with the said two variables are then found. Such variables 
along the said two variables thus constitute the second cluster.

5. One proceeds on similar lines to search for a third cluster and so on.

From the above description we find that clustering methods in general are judgmental 
and are devoid of statistical inferences. For problems concerning large number of 
variables, various cut-and-try methods have been proposed for locating clusters. 
McQuitty has specially developed a number of rather elaborate computational 



routines* for that purpose.
In spite of the above stated limitation, cluster analysis has been found useful in 
context of market research studies. Through the use of this technique we can make 
segments of market of a product on the basis of several characteristics of the 
customers such as personality, socio-economic considerations, psychological factors, 
purchasing habits and like ones.

Multidimensional Scaling

Multidimensional scaling (MDS) allows a researcher to measure an item in more than 
one dimension at a time. The basic assumption is that people perceive a set of objects 
as being more or less similar to one another on a number of dimensions (usually 
uncorrelated with one another) instead of only one.
There are several MDS techniques (also known as techniques for dimensional 
reduction) often used for the purpose of revealing patterns of one sort or another in 
interdependent data structures. If data happen to be non-metric, MDS involves rank 
ordering each pair of objects in terms of similarity. Then the judged similarities are 
transformed into distances through statistical manipulations and are consequently 
shown in n-dimensional space in a way that the interpoint distances best preserve the 
original interpoint proximities. After this sort of mapping is performed, the 
dimensions are usually interpreted and labeled by the researcher.
The significance of MDS lies in the fact that it enables the researcher to study “The 
perceptual structure of a set of stimuli and the cognitive processes underlying the 
development of this structure.... MDS provides a mechanism for determining the truly 
salient attributes without forcing the judge to appear irrational.” With MDS, one can 
scale objects, individuals or both with a minimum of information. The MDS analysis 
will reveal the most salient attributes which happen to be the primary determinants for 
making a specific decision.

Latent Structure Analysis

This type of analysis shares both of the objectives of factor analysis viz., to extract 
latent factors and express relationship of observed (manifest) variables with these 
factors as their indicators and to classify a population of respondents into pure types. 
This type of analysis is appropriate when the variables involved in a study do not 
possess dependency relationship and happen to be non-metric. In addition to the 
above stated multivariate techniques, we may also describe the salient features of 



what is known as “Path analysis”, a technique useful for decomposing the total 
correlation between any two variables in a causal system.

PATH ANALYSIS

The term ‘path analysis’ was first introduced by the biologist Sewall Wright in 1934 
in connection with decomposing the total correlation between any two variables in a 
causal system. The technique of path analysis is based on a series of multiple 
regression analyses with the added assumption of causal relationship between 
independent and dependent variables. This technique lays relatively heavier emphasis 
on the heuristic use of visual diagram, technically described as a path diagram. An 
illustrative path diagram showing interrelationships between Fathers’ education, 
Fathers’ occupation, Sons’ education, Sons’ first and Sons’ present occupation can be 
shown in the Fig. below

Path analysis makes use of standardized partial regression coefficients (known as beta 
weights) as effect coefficients. In linear additive effects are assumed, then through 
path analysis a simple set of equations can be built up showing how each variable 
depends on preceding variables. “The main principle of path analysis is that any 
correlation coefficient between two variables, or a gross or overall measure of 
empirical relationship can be decomposed into a series of parts: separate paths of 
influence leading through chronologically intermediate variable to which both the 
correlated variables have links.”
The merit of path analysis in comparison to correlational analysis is that it makes 
possible the assessment of the relative influence of each antecedent or explanatory 
variable on the consequent or criterion variables by first making explicit the 
assumptions underlying the causal connections and then by elucidating the indirect 
effect of the explanatory variables.



“The use of the path analysis technique requires the assumption that there are linear 
additive, a symmetric relationships among a set of variables which can be measured at 
least on a quasi-interval scale. Each dependent variable is regarded as determined by 
the variables preceding it in the path diagram, and a residual variable, defined as 
uncorrelated with the other variables, is postulated to account for the unexplained 
portion of the variance in the dependent variable. The determining variables are 
assumed for the analysis to be given (exogenous in the model).”
We may illustrate the path analysis technique in connection with a simple problem of 
testing a causal model with three explicit variables as shown in the following path 
diagram:

The structural equation for the above can be written as:

where the X variables are measured as deviations from their respective means. 
p21 may be estimated from the simple regression of X2on X1 i.e., X2 = b21Xl and
p31 and p32 may be estimated from the regression of X3 on X2 and X1 as under:



where b31.2 means the standardized partial regression coefficient for predicting 
variable 3 from variable 1 when the effect of variable 2 is held constant.
In path analysis the beta coefficient indicates the direct effect of Xj (j = 1, 2, 3, ..., p) 
on the dependent variable. Squaring the direct effect yields the proportion of the 
variance in the dependent variable Y which is due to each of the p number of 
independent variables Xj (i = 1, 2, 3, ..., p). After calculating the direct effect, one 
may then obtain a summary measure of the total indirect effect of Xj on the dependent 
variable Y by subtracting from the zero correlation coefficient ryxj, the beta 
coefficient bj i.e.,
Indirect effect of Xj on Y = cjy = ryxj– bj

for all j = 1, 2, ..., p.
Such indirect effects include the unanalyzed effects and spurious relationships due to 
antecedent variables. In the end, it may again be emphasized that the main virtue of 
path analysis lies in making explicit the assumptions underlying the causal 
connections and in elucidating the indirect effects due to antecedent variables of the 
given system.


